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Abstract

Investment decisions are made ex ante, that is based on parameters that are not known at the time of decision making.
Scenario generators are used not only in the models for (optimum) decision making under uncertainty, they are also
used for evaluation of decisions through simulation modelling. In this paper, we review those properties of scenario
generators which are regarded as desirable; these are not sufficient to guarantee the “goodness” of a scenario generator.
We also review classical models for scenario generation of asset prices. In particular we consider some recently
reported methods which have been proposed for distributions with ‘heavy tails’.



1 Introduction to the modelling framework

The acceptance and success of linear and integer programming has in turn focused attention on stochastic program-
ming (SP) as the modelling paradigm for decision making under uncertainty. Although SP has been studied extensively
since the 1970s most of the research has been directed towards modelling applications (Wallace and Ziemba 2005),
solution algorithms (Van Slyke and Wets 1969) or in the realisation of software for SP (see series of SP trienial confer-
ences and COSP). Yet SP is an extremely versatile and powerful modelling paradigm as it brings together the decision
modelling capability of optimisation and the descriptive modelling concepts of simulation (see di Dominica, Lucas,
Mitra and Valente 2007). Indeed the most far reaching applications of SP are to be found in finance, where SP is
not only used as a tool for making investment decisions, such decisions are then evaluated using backtesting and out
of sample simulation studies. An essential component of these two modelling perspectives of SP is a scenario set of
uncertain parameter values obtained by scenario generation. Unfortunately, scenario generators for SP have been less
extensively studied in comparison with other aspects. This paper is concerned with the role of scenario generation
(SG) within SP. In particular, we investigate and illustrate some desirable properties of SG.

In SP the concept of optimum decisions is revisited to consider parameter uncertainty. A decision problem which
involves random (stochastic) parameters is stated as

max go(x;S)
such that xe€ X (D

a(xE)<0, I=1..K

where S which is a vector of random variables describing the stochastic parameters. For a particular decision
vector x € R, the functions g;(x,-) : @ — R for/ =0,...,K are random variables. The distribution of £ is assumed to
be known at the time the decision is made though the actual realisation is not known. In contrast to the deterministic
perspective it can be seen that the problem is not clearly specified, since the future outcome of £ is not known when
the decision x is made. The related ex ante decision problem for choosing x is specified through alternative model
formulations. There are a number of formal SP decision models which have been postulated. These include single
stage SP models, two stage SP with recourse models, multi stage SP with recourse models, chance constrained SP
models and integrated chance constrained SP models (Kall and Wallace 1994 and Birge and Louveaux 1997). Many
practical applications in finance, in particular asset allocation models are often formulated in a single stage setting.
Three classical models applied in economics and finance for portfolio selection include mean-risk models, expected
utility maximisation and stochastic dominance.

As an example, let us consider the case of asset allocation: suppose that there are n assets into which one can
invest. The decision to take is how to divide the capital between these assets such that portfolio returns meet stated
objectives. Typically the objective is to maximise the portfolio return over a specified time horizon 7. The return of
asset j after time T is denoted with R; (and it is a random variable), j = 1...n. The decision variables (also called
portfolio weights) are denoted with x1,...,x,, i.e. x; is the fraction of capital invested in asset j. Let X C R" denote
the set of the feasible portfolios. Such a feasible set is often simply defined by the requirement that the weights must

n
sum to 1 and short selling is not allowed: X = {(x1,...,x,)| ¥ x; = 1,x; > 0,Vj € {1,...,n}}. In a more general
j=1

case, it is only assumed that X is a bounded convex polyhedron.

It is known that the return of the portfolio x = (x1,...,x;), denoted by R,, is given by x1 R + ...+ x,R,,.
Thus, the problem that we face is:

max Rix;+...+Rux,

suchthat x€X @

However, the parameters Ry,...,R, are random variables, described by distributions. The portfolio return R, =
x1R1 + ...+ x,R,, is a random variable; how can we “maximise” a random variable? Unless for trivial cases, it is



difficult to decide whether a random return is "better" than another.

By specifying a model of choice (criteria for preferring one random return over another) the problem (2) can be
transformed into an optimisation model. A popular approach is the so called “mean-risk" model, which assumes that
a random return is preferred over another if it has a larger expected value (mean) and a smaller "risk" value. Risk can
be defined in several ways (for a review, see Roman and Mitra 2009). Problem (2) becomes a two-objective problem,
where the expected value is maximised while the risk is minimised. This is transformed into a single objective problem
by using a trade-off coefficient T > 0 between mean and risk:

max E(Rix1+...+Ryx,) —tp(Rix1 + ...+ Ryxy)

suchthat x€ X )

where E denotes the expected value and p the risk value.

Dynamic programming, stochastic control and robust optimisation models are alternative approaches to decision
making under risk (See Dupacova and Sladsky (2002) and di Domenica et al. (2007) and reference therein). Decision
making under risk requires

1. Models for decision making under risk These allow us to state a preference among random variables (repre-
senting results of decisions); this should lead to a clearly defined optimisation model. These models are normally
formulated, given a multivariate distribution for the uncertain parameters. For example, for the asset allocation
problem how do we define preferences between alternative portfolios’ random returns.

2. Representation of parameter uncertainty: Scenario generation We need to determine distributional repre-
sentations for the uncertain parameters. For example, for the asset allocation problem what is the nature of
the candidate assets’ price dynamics and uncertainty? In particular how should we describe the multivariate
distribution of the assets’ random returns, Ry, ...,R,? The models used to characterise these distributions are
known as “descriptive” models.

The models for decision making under risk are heavily dependent on the representations of parameter uncertainty
which are used. Hence 2. is an important consideration.

When the random parameters are described by continuous distributions there are only a few simple cases which
yield analytic solutions, for example, the classical Newsboy Problem. Most applied SP models are formulated with
discrete distributions. In those cases where the stochastic parameters are described by continuous distributions, we
normally create a discrete approximation to the continuous distribution, such that the optimisation problem can be
solved numerically. Scenario generation (SG) is the process of creating a finite collection of scenarios which describe
(in many cases approximately) the distribution of (relevant) random parameters of the SP optimisation models, which
are used for ex ante (portfolio) decisions. Scenario sets are also applied in ex post (simulation) evaluation and risk
quantification of portfolios; this aspect if further discussed in section 4.

A scenario is a single possible realisation of all uncertain parameters. Denote by E a vector of random variables
which represent the stochastic model parameters. Scenarios describe the possible values of £ at a future point in
time. This can be generalised to multiple future time points by considering (discrete time) stochastic processes. Let
e (1,...r) be a stochastic process which specifies the evolution of the random parameters over time.

In scenario generation we construct scenarios that represent plausible outcomes, both pessimistic and optimistic.
Each scenario is weighted by its probability of occurance. Forecasting is a related but a different problem. Scenarios
are not forecasts; whereas a point forecast is a prediction of the (most likely) value for a random variable (or vector),
a scenario set can be viewed as a density forecast.



Scenario generation involves

e identification of plausible events, that is possible future values of & for &, where € {1,...,8}

or more generally identification of plausible evolution of the random vector over time (sample) paths élaé (1T} =
{EP,....EF} VYo e{l,...,S} Vie {l,...,T}.

e the assignment of probabilities to these events, P(E = E®) = p,, where Y3, pp = 1
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Figure 1: Scenario tree for multiple time points

To summarise, there are two main issues of interest when making choices under uncertainty; the model of choice
and the scenario generation.

Remark 1 There is a third main issue in decision making under uncertainty: timing. Decisions are made at the present
time, in order to obtain a good outcome at a specified future time point. These decisions are normally re-balanced,
i.e. updated according to new information which arrives as time unfolds. There is also the case when only partial
decisions have to be taken at the present time (first stage decisions) and the rest of the decisions (recourse actions)
taken after (part of) the uncertainly had been revealed. These are multi-stage stochastic programming problems. In
this paper, we only treat the case of single stage problems. For scenario generation in a multi-stage perspective, see
di Domenica et al. (2007).

The rest of the paper is structured as follows. In Section 2 we discuss some desirable properties of scenario
generators. Testing the quality of a scenario generator is a difficult and subjective task. There are however conditions
that can be tested and should be regarded as necessary (but not sufficient) for a scenario generator. In section 3



we review some of the popular scenario generation methods for asset prices, together with some newly proposed
approaches. In section 4 we consider the role of scenario generators in ex post evaluation of model decisions. In
section 5 we present a short case study with a numerical example. The case study draws upon a recently proposed SG
method based on mixture distributions between GARCH and copula. This is used in a mean-CVaR optimisation model.
The properties discussed in Section 2 are evaluated in this framework. In section 6 we discuss our investigations and
present the conclusions.

2 Desirable properties of scenario generators

For financial decision problems we require (forward looking) parameter distributions which account for uncertainty in
the economy and financial markets. We introduce three desirable properties for scenario generation methods; Zenios
(2007) introduces the properties of “correctness” and consistency. Kaut and Wallace (2007) outline that of stability.

1. “Correctness”. Naturally we wish to use scenario sets which are “correct” representations of assets’ random
returns. However, we do not know the “correct” distributions. Different descriptive models give alternative
representations of asset price dynamics. We should choose a model which derives from prevalent theory and
which captures those aspects of asset price dynamics which we believe are important, that is, the model we
propose is “correct”. For example, if we believe return volatility varies over time, but is persistent, we might
use a GARCH model.

2. Consistency: When we consider multiple related random variables, the values of these, under any particular
scenario, should be consistent with each other. The generation of scenarios for multiple credit risky bonds
is a particular example. All bonds’ prices are driven by a few common sources of uncertainty (risk factors);
short term yields, long term yields, credit rating migrations. Bonds of different maturities, cash flows (coupon
payments) and credit ratings have differing prices but these are related by particular relationships which are
expected to hold under finance theory (no-arbitrage requirements for example).

3. Stability: Stability for a scenario generation method is considered in respect of a particular decision model.
The combined use of a scenario generator and decision model should lead to “good” decisions. A “good”
decision should at least be a stable decision, that is, the optimal solutions for different scenario sets do not “vary
significantly”.

Zenios (2007) also notes that scenarios should be acceptable to the problem owner (or decision maker) and if
necessary they should be modified to gain acceptance. This can be extended to the model being defendable to a peer
group of specialists within the relevant domain. We can view this as an expansion of the concept of “correctness”. The
model can be adapted to a more “correct” model in the decision maker’s view.

It is important to note that the scenario generator should be chosen with consideration of the stochastic program
for which it is used. As an example, if the problem is to minimise the loss that could be incurred under extremely
unfavourable events, then the scenario generators should account for extreme events (e.g. copula-based). The condi-
tions of “correctness” and consistency are some what subjective conditions. However the "stability" conditions can be
tested and are usually regarded as necessary conditions for a scenario generators.



3 Scenario generation methods for asset prices

Our perspective of scenario generation methods in finance is shown in Figure 2; a comparable view is given in Zenios
(2007). The simplest way to determine scenarios is to use historic observations as scenarios or to “bootstrap” historic
observations. Other approaches, which are model-based methods, describe the asset price dynamics. These include
statistical models, continuous time models and discrete time models. These descriptive models often develop from
theories of economics and finance. We first calibrate these models using historical data. Given calibrated models we
simulate samples or sample paths to determine (large) discrete scenario sets which serve as approximations to the
“correct” unknown parameters’ distributions.

The classes of models shown in Figure 2 in some sense overlap with each other. Statistical analysis is used in
many discrete and continuous time models. For example, some factor models are composed of statistical factors (one
such method uses principal component analysis). Many discrete time models in their limit lead to continuous time
representations. These are approximations of their continuous counterparts. For example, the random walk leads to
Geometric Brownian motion as the time step becomes of infinitesimal length (See for example Cox-Ross-Rubenstein
1979).

HISTORIC DATA AND BOOTSTRAP SCENARIOS

The simplest approach to scenario generation is to use historic data (observations) of the relevant multivariate ran-
dom variables as scenarios. Then a scenario is composed of observations of the relevant assets’ returns at a historic
date. However, the scenario set produced this way is (relatively) small being limited by the amount of historic data
available. Another popular approach is “bootstrapping” this involves sampling with replacement from all relevant
historical observations (Efron and Tibishirani 1993 and Vose 2002). This approach increases the number of scenar-
i0s. Both methods give scenarios which are “correct” and consistent with the economy and financial markets since
these scenarios actually occurred. It is assumed the structure and conditions of the market have not changed since
these observations were made, that is, we have considered a suitable period of historic data. However, only observed
events are plausible under these methods; no further information is added to scenarios. These approaches do not give
any understanding of the underlying structure of the markets, for example, the relationships between macroeconomic
variables and asset returns. If the decision maker had a view on the economy or markets, for example the belief that
inflation rates would change in a given fashion, the asset returns could not be analysed with this information. Since
bootstrapping is a pure sampling approach and is not model based, expert intervention is limited.

MODELS DERIVED FROM ECONOMICS AND FINANCE LITERATURE

There are many existing and widely applied models for asset prices which have emerged from the well established
and extensive literature of economics and finance. It is natural to turn to these in the context of scenario generation
since it is desirable to use a model which conforms to prevalent theory. However there are a few candidate models
for any particular asset class. Each descriptive model captures the asset price dynamics differently, hence each has its
own strengths and weaknesses. Scenarios should be derived using the model the decision maker believes to be “cor-
rect”. In particular the chosen model should include those aspects of asset price uncertainty that the decision maker
is concerned about. The selection of a particular model implies a subjective judgement by the decision maker on the
nature of the distribution. In the model calibration historical data is used to determine plausible (realistic) values of
the parameters. Scenarios which are subsequently produced reflect historical events (data), furthermore they account
for events which were not observed but are plausible.

Typical theories of finance and economics from which SG models develop include equilibrium approaches which
lead to models such as the Capital Asset Pricing (CAPM) model (Sharpe 1964 Lintner 1965 Luenberger 1998). This
assumes that the economy and asset prices within it tend to an equilibrium level. The assumption of arbitrage-free
markets leads to derivative pricing models based on risk neutral measures (Harrison and Kreps 1979 Harrison and
Pliska 1981). Within interest rate theory this assumption of no-arbitrage leads to the Heath-Jarrow-Morton condition
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(Heath, Jarrow and Morton 1992) which restricts the co-movements of interest rates of differing maturities.

Models based on established economic theory result in the generation of consistent scenarios. The generation
of scenarios for multiple bonds is a particular example discussed above. Factor models are the most commonly used
models for equity prices and are based on the Arbitrage Pricing Theory (APT) (Ross 1976) which assumes all equities’
prices are driven by a few common factors. This results in “consistent” prices for multiple equities.

It is natural to take a view on particular aspects of an economic model. These approaches incorporate the domain
expert’s (or problem owner’s) view and so they lend themselves well to (expert) intervention.

Many continuous time models which are described by stochastic differential equations (SDEs) are applied in
scenario generation. These models are sometimes approximated using discrete time lattices and the corresponding
approximation errors are unavoidable. It is desirable that the discretisation approximates the continuous time model
well if we believe the continuous time model is the “correct” representation of returns.

STATISTICAL APPROACHES

These approaches include time series models for univariate random variables such as AR, MA, ARMA and
ARCH/GARCH models. Many of these have been extended to a multivariate setting and further explain the inter-
action and co-movements of a group of timeseries variables. A few examples are vector autoregressive (VAR) models,
VECM and multivariate GARCH models. Volosov, Mitra, Spagnolo and Lucas (2005) use a VECM model to generate
scenarios for exchange rates which form the input to a stochastic decision model. These multivariate models allow
joint modelling of economic factors and asset returns. Such models when calibrated to historical data capture the
observed auto and cross correlations between variables. However, they may not be consistent with stronger economic
requirements, for example, absence of arbitrage. Any causal relationships between assets and other economic vari-
ables are not captured in purely statistical models.

Econometric models combine economic theory with statistics. These models often have a cascade (hierachy) struc-
ture and relate macro economic variables and asset returns through vector autoregressive moving average (VARMA)
time series. The Wilkie (1995) model is such an approach, likewise the Towers Perrins model which was developed by
Mulvey (1996). These approaches are widely applied for asset liability studies. Analysis of the relationship between
liabilities and macro economic variables (for example between inflation and wages for pension fund ALM) allows the
creation of consistent scenarios.

The moment-matching method (Hoyland, Kaut and Wallace 2003) produces scenario sets consistent with user-
specified values, which are the first four marginal moments of the multiple random variables under consideration and
their correlations. A heuristic algorithm is used.

EXAMPLE SCENARIO GENERATION METHODS
We describe below particular descriptive models which can be applied in scenario generation.

Geometric Brownian motion (GBM) is a well established and widely used descriptive model for an equity’s
returns. In particular, it was used in the Black-Scholes model for option pricing and underlies many of the subsequent
option pricing models. The model assumes that a stock’s price evolution can be described using continuous time
stochastic processes that are dependent on the "percentage drift" i (expected rate of return), the volatility o and a ran-
dom element W;, described by a Wiener Process (see for example Ross 2002). Obviously, stock prices are stochastic
processes in discrete time; however, this approximation is accepted by practitioners for short to medium time periods.



With GBM, the price of a stock S;,  (r > 0) follows the stochastic differential equation:
where 1 and o are constants (usually estimated from historical data).

Assuming an initial price Sg, equation (4) has the analytical solution:

o2
Si = Soexp[ (1 — 7)f +oW] &)

It is well known that a Wiener process W, can be simulated as v/tZ, where Z is N (0,1) distributed.

Thus, generating scenarios for a future price S; involves estimating ¢ and ¢ (e.g. from historical data), generating
samples from N (0, 1) and replacing the corresponding values in (5).

In case of multiple stocks the dependence between asset prices has to be taken into account. With GBM, this
dependence is characterised by the covariance matrix of stocks’ returns (denoted by C), that has also to be estimated
(e.g. from historical data).

A vector of M asset prices S; = (S!,...SM) follows a multivariate GBM if

where
w=(Uy,..., ) is the vector of expected rate of returns;
B is a MxM matrix such that C = BB (obtained by a Cholesky decomposition);
W, is a vector of M independent Wiener processes.
It is known (see for example Lemieux 2004) that the price of asset j = 1...M is described by the equation:

S o? 4
S = Soexpl(w) = 50 )t + W] ™

) M
where W,/ can be simulated as Y, B jiZ; with Z; 14.d. N(0,1). Scenarios for the future asset prices can be generated
i=1

using (7).

GBM has several disadvantages. One of them is that it fails to capture extreme events; the stocks prices process
is much smoothed as compared to its actual realisations - see for example Hardy (2001). Another disadvantage is the
assumption of constant variance over time. Empirical studies show however time varying volatility of stock prices and
"volatility clustering", meaning that periods of large volatility are followed by periods of small volatility and so forth.
In order to address this aspect, Engle (1982) proposed the ARCH (Autoregressive Conditional Heteroscedasticity)
model and Bollerslev (1986) proposed the GARCH (Generalised ARCH) model.

GARCH model
If an asset’s returns R, is assumed to vary about a mean value ¢, we can write

yw=c+§ 3

where & is an error term with mean 0. Var,_(g) = 6,2 is the variance conditional on information at time ¢ — 1.
The GARCH(1,1) model,

0,2 :6104-6118,271 +b1612,1 )

11



is widely used in financial applications. It assumes that the variance of the current error term depends only on the
previous error term and of the variance of the previous error term. Parameters ag, a;,b; are estimated using maximum
likelihood methods (see for example Fiorentini et al. 1996). Once this estimation is done, the variance of the current
error term can be calculated, and then scenarios for the return R, can be generated using (8).

A multivariate GARCH (M-GARCH) model captures time varying volatility of individual assets’ returns and time
varying correlations between asset returns. A Principal Component Multivariate GARCH (PC-MGARCH) model can
be used. The multivariate assets returns’ time series are transformed into uncorrelated time series (principal compo-
nents). These are then modelled using univariate GARCH processes. For more details see Mitra et al. (2009).

In order to illustrate the MGARCH model for five indices we fit a PC-MGARCH model and simulate multiple
samples from this to determine a set of equi - probable scenarios. In Figure 3 we show the simulated paths for the S&P
500.
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Figure 3: Simulated sample paths for the S&P 500 from an PC-MGARCH model

GBM and GARCH are two well known models for describing asset prices that can be used as scenario generators,
as shown above. More recent financial scenario generators have been proposed in an attempt to address (some of) the
shortcoming of the above methods. In particular they have concentrated on representing extreme price movements.
The requirement for descriptive models which account for tail risk (risk associated with extreme events) has been noted
in recent years. Scenario generators that capture extreme events are particularly important when used in conjunction
with an optimisation model that minimises downside or tail risk.

Scenario generation based on Hidden Markov models (HMM) has been the subject of some recent papers, for
example Messina and Toscani (2007) for univariate data and by Roman, Mitra and Spagnolo (2009) for multivariate
data. The idea behind HMM is that, as well as the stochastic process of interest (stocks prices) that are observable (for
which we want to generate future scenarios), there is another stochastic process, describing the "state of the system"
or "state of the economy"”, that is not directly observable (hidden). At each time point, the "system" could be into
one of N states; an outcome for the stocks prices is generated according to the distribution corresponding to that state.
Roman et al. (2009) generated using mixtures of normal distributions in each state (the parameters of the mixtures are
different for each state and estimated from historical data).

This "regime-switching" approach is motivated by empirical observations of sequentially changing behaviour of

financial time series. For example, periods of low volatility may be followed by periods of high volatility or periods
of "crash" (extreme events). The numerical experiments of Roman et al. (2009) support the idea that one state is
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